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1e travelling salesman problem arises in many different contexts. In this
iper we report on typical applications in computer wiring, vehicle routing,
lustering and job-shop scheduling. We show that the formulation as a trav-
l1ing salesman problem is essentially the simplest way to solve these prob-
:ms by establishing complete equivalence. Most applications originated from
:al world problems and thus seem to be of particular interest. Illustrated

tamples are provided with each application.
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THE TRAVELLING SALESMAN PROBLEM
.1. Formulation

salesman wishes to find the shortest route through a number of cities and
ack home again. This problem is known as the travelling salesman problem
nd can be stated more formally as follows.

Given a finite set of cities N and a distance matrix (cij) (i, € N),
etermine
minﬂ zieN Cim(i)
here m runs over all cyclic pernutations of N (i.e. nlNl(i) =i, ieN);
“(i) is the k-th city reached by the salesman from city i. If N = {1,...,n},
hen an equivalent formulation is

min, (1327 Co(i)v(ir1) ¥ So(a)v(1))

1ere v runs over all permutations of N; here v(k) is the k-th city in a
alesman's tour. If G denotes the complete directed graph on the vertex set N
ith a weight e ;5 for each arc (i,j), then an optimal tour corresponds to a
miltonian circuit on G (i.e. a circuit passing through each vertex exactly
1ce) of minimum total weight.

If cij = cji for all (i,j), the problem is called symmetric, otherwise
> is called asymmetric. If Cix < cij + cjk for all (i,j,k), the problem is
alled euclidean.

.2. Applications

1e number of applications of the TSP is surprisingly large; the problem
rises in widely varying contexts, such as scheduling, sequencing, distribu-
lon, routing and location decisions. In this paper we report on four typical
>plications in computer wiring, vehicle routing, clustering a data array and”
»b—shop scheduling with no intermediate storage.

For the last two applications, their complete equivalence to the TSP is
»n-trivial and will be established in sections 4.3 and 5.3. Formulation as

TSP thus is essentially the simplest way to solve these problems.




Three of the applications originated from real world problems that were
ot immediately recognized as TSPs; their interpretation as a TSP led to

etter solutions, as will be amply illustrated in sections 2.3, 3.3 and L.k,

.3. Solution methods

n [2], [13] and [5] recent surveys of known solution methods are presented.
We can distinguish between optimal and suboptimal algorithms. The first

ype of algorithm produces solutions that are guaranteed to be optimal but

ay require inordinate running times; of special interest are the branch-
nd-bound methods developed by Little, Murty, Sweeney and Karel [23], Held
nd Karp [11;12;10] and Bellmore and Malone [1]. Suboptimal algorithms pro-
uce approximate solutions in reasonable times; we mention the successful
euristic methods of Lin [21], Christofides and Eilon [3] and Lin and

ernighan [22].

In fact, we shall be using the following algorithms:

a) a branch-and-bound procedure based on [23], incorporating an improved
branching strategy that allows early pruning of a branch through
sufficiently large penalties;

b) a branch-and-bound procedure based on [12] for symmetric TSPs;

¢) a heuristic procedure for generating 3-optimal tours for symmetric TSPs,
following the enumeration scheme given by Lin [21,p.2266] with deletion
of some superfluous checks for improvement.

escriptions of these algorithms as well as computational experience and

LGOL 60-procedures can be found in [18].




COMPUTER WIRING

Problem description

following problem arises frequently during the design of computer inter-
s at the Institute for Nuclear Physical Research in Amsterdam.

An interface consists of a number of modules, and on each module several
.~ are located. The position of each module has been determined in advance.
ven subset of pins has to be interconnected by wires. In view of possible
re changes or corrections and of the small size of the pin, at most two
s are to be attached to any pin. In order to avoid signal cross-talk and

mprove ease and neatness of wirability, the total wire length has to be

mized.

TSP formulation

P denote the set of pins to be interconnected, cij the distance between
i and pin j, and H the complete graph on the vertex set P with weights
on the arcs.

If any number of wires could be attached to a pin, an optimal wiring

d correspond to a minimum spanning tree on H, which can be found effi-
tly by the algorithms of Kruskal [16] or Prim [28] and Dijkstra [L].
ver, the degree requirement implies that we have to find a minimum
ltonian path on H (i.a. a path passing through each vertex exactly once).
problem corresponds to finding a minimum hamiltonian circuit on G with
P u {*} and Cip T Cus T 0 for all i € N. The wiring problem can thus be
erted into a symmetric euclidean TSP.

A more difficult problem occurs if the positions of the modules have
been fixed in advance but can be chosen so as to minimize the total wire
th for all subsets of pins that have to be interconnected. For a review

his placement problem and the associated quadratic assignment problem ~

efer to [9].
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VEHICLE ROUTING

Problem description

'8 towns in the Dutch province of North-Holland telephone-boxes have been
alled by the national postal service (PTT). A technical crew has to visit
. telephone-box once or twice a week to empty the coin-box and, if neces-
'» to replace directories and perform minor repairs. Each working day of
ost 4h5 minutes begins and ends in the provincial capital Haarlem. The
lem is to minimize the number of days in which all telephone-boxes can
isited and the total travelling time.
A similar problem arose in the city of Utrecht. Here ca. 200 mail-boxes
to be emptied each day within a period of one hour by trucks operating
. the central railway station. The problem is to find the minimum number

rucks able to do this and the associated minimum travelling time.

TSP formulation

problems are types of classical vehicle routing problems (VRP), that
extensively discussed in [5,Ch.9]. They will be denoted by P1 and P2,
ectively, and can be characterized more formally as follows.

n cities 1 (1 < i < n). (the customers) are to be visited

[P1: 28 towns; P2: 200 mail-boxes]

by m vehicles

(P1: m working days; P2: m trucks]

operating from city * (the depot)

[P1: Haarlem; P2: central railway station];

the travelling time between cities i and j is dij = dji minutes, for
i,j e {1,...,n} u {*};

the time to be spent in city i is e; minutes, for i € {1,...,n}

[P1: 8 x number of telephone-boxes in town i; P2: 1];

the maximum allowable time for any vehicle to complete its route is
f minutes

[P1: LLs5; P2: 60];
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there may be additional constraints

[P1: one town (nr.28, Den Helder) has to be visited twice on different
days];

criteria by which solutions are judged are:

A, the number of vehicles used;

B(A), the total time used for A vehicles.

city has to be visited twice, it is duplicated, appropriate travelling
risiting times are added, and n is increased by one.

[P1: Den Helder is split up into two cities 28 and 29; d28 29:= =R

n:= 29.]

splace the depot (city *) by m artificial depots (cities n+1,...,n+m)
sxtend the definition of (dij) and (ei) as follows (cf. Figure 2):

dinﬂ =dh for 1 £ 2 £ m;
dn+k 3 = d*j for 1 <k < my
dn+k g A for 1 £ k,2 < my
e 4k =0 for 1 £k < m,

1 n+1...n+tm

J .n
1 d11"'d1j"'d1n d1*...d1*
1 di1"'dij"'din di*"'di*
n dnl"'dnj"'dnn dn*"'dn*
n+ljd ....d ....d A eesA
*1 *J *1n
n+m d*1"'d*j"'d*n AoleA

Figure 2 The matrix (dij)

>tain a symmetric euclidean TSP by defining N = {1,...,n+m} and

%ei + dij + %ej for all i,j € N. A salesman's tour is feasible for
VRP provided that the time constraint for each vehicle and possible

tional constraints are respected. If a TSP solution contains m-A links
sen artificial depots, then the corresponding VRP solution uses only A

cles. The choice of A now becomes important.




>
1

+° will lead to min_ B(m),
i.e. the minimum total tlme for m vehicles (cf [5,p. 188]),
A= 0 will lead to min {B(A)[1 <A <m},

i.e. the minimum total time for any number of vehicles (cf. [5,p.1881);
A = - will lead to min_B(min{A[1 < A < m}),

i.e. the minimum total time for the minimum,number_of vehicles.

'he latter objective is the criterion function for both P1 and P2.

n appropriate method for obtaining good VRP solutions is the following.
Choose an initial tour which satisfies the VRP constraints.
Apply an iterative procedure for improving the tour and check the con-

straints whenever a possible decrease in tour length occurs.

n interesting variation on this type of problem arises in the context of
loney collection at post-offices. For security reasons, several good routes
ave to be available. The problem is then equivalent to the moonlighting
alesman problem [15], where k disjoint hamiltonian circuits of minimum
otal weight are sought. No algorithms for this problem have been proposed

o far.

.3. Results

igures 3 and 4 illustrate some results, obtained for P1 and P2. In both
igures, the links with the depot (*) have not been drawn.

For P1, Lin's heuristic method was used. All 3-optimal solutions ob-
ained require four days, representing a 50 percent decrease with respect
o the schedule that was previously used. An example is given in Figure 3a.
xchanging three links in this solution resulted in the schedule given in
igure 3b; it involves only three days, including however one of 4493 min-
tes. Computational experience revealed that the heuristic procedure con-
erged much faster with A = == than with X = 0. More details about this
pplication can be found in [1T7].

For P2, a variation on Lin's method was used, whereby only a limited

umber of promising potential improvements was checked. The number of trucks
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L. CLUSTERING A DATA ARRAY

4.1. Problem description

Suppose that a data array (aij) (i € R, j € 8) is given, where a; ; measures
the strength of the relationship between elements i € R and j ¢ S. A clus-
tering of the array is obtained by permuting its rows and columns and should
identify subsets of R that are strongly related to subsets of S.

This situation occurs in widely different contexts. Here we will apply
a clustering technique to three examples. In the first one [24] R is a col-
lection of 24 marketing techniques, S is a collection of 1T marketing appli-
cations, aij = 1 if technique i has been successfully used for application
j, and a5 = 0 otherwise. The second example [24] arises in airport design;
2 (= 8) is a set of 27 control variables and aij measures their interdepen-
lence. The third example [33] deals with an Zmport-export matriz; R (= S)
ls a set of 50 regions on the Indonesian islands, a; 3 = 1 if in 1971 a quan-
ity of at least 50 tons of rice was transported from region i to region j,
ind aij = 0 otherwise.

These three examples indicate that the approach is useful for problem
lecomposition and data reorganization. A more elaborate discussion of its
ipplicability and more examples can be found in [2L4].

To convert this problem into an optimization problem, some criterion
1as to be defined. In [24] the proposed measure of effectiveness (ME) is the
sum of all products of horizontally or vertically adjacent elements in the
wray. Figure 5 (adapted from [2L4]) shows how this criterion relates to
rarious permutations of a Uxl array. The problem is to find permutations of

'ows and columns of (aij) maximizing ME.

1231 12314 1234 1321 13214
1010 111010 111010 111100 111100
o 101 210101 3/1010 2100 11 3117100
11010 L1010 1 210101 L1oo 11 20011
0101 3117010 L{o 101 3/1100 h{oo 11
ME =0 ME = 2 ME = L ME = 6 ME = 8

igure 5 ME for various permutations of a Lxk array.
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,2. TSP formulation

st R={1,...,r} and S = {1,...,s}. With the conventions

p(0) = p(r+1) = 0(0) = o(s+1) = x,

a;, = a*j =0 forieR, jJesS,

1e ME, corresponding to permutations p of R and o of S, is given by

ME(D 30) =

i %.ZieR Lies ap(i)o(j>(ap<i>o(q-1>*ap(i>o(j+1>*ap(i-1)o(j)*ap<i+1>c<j>) )
P98 7. v a o FIET T e v a ey =
j=0 LieR “io(J) “io(j+1) i=0 £jes “p(1)j “p(i+1)]

ME(O') + ME(D) 5

> ME(p ,0) decomposes into two parts, and its maximization reduces to two
;parate and similar optimizations, one of ME(c) for the columns and the
her of ME(p) for the rows. It is stated in [2L4] that both subproblems may

: rewritten as quadratic assignment problems. More precisely, they are sym-

stric TSPs:
col col _ col _ .. col
TSP "": N =8 u {*}, ik = _zieR 85 84y for j,k e N,
TOW, ToWw _ row _ _ . row
TSP N =RuU {x}, c. zjeS ay; 835 Tor hui e N,

v ME(0) and ME(p), respectively (cf. [19]). In general, the clustering
'oblem for a p-dimensional array can be stated as p TSPs. It may be attacked
* any algorithm for the TSP; in fact, the bond energy algorithm (BEA), pro-
sed in [24], is a simple suboptimal TSP method which constructs a tour by
lccessively inserting the cities (cf. [25,p.T76]).

If the data array is symmetric (i.e. aij = aji for all i,j), then Tspt oV
1d TSPCOl are identical and only one optimization needs to be performed (see
e airport example).

If the data array is square (i.e. r = s) but not necessarily symmetric
d we want to have equal permutations of rows and columns (i.e. p = o), then
le symmetric TSP results:

cow cow col row cow col row .. cow
: N =N =N s, C.. = oc.. + c.. for 1i,J ¢ N
1] 1] 1]

TSP

ee the import-export example).
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’he size of the TSPs might be reduced by assigning identical rows or columns
;0 one single city under the assumption that these rows or columns will be
Wdjacent in at least one optimal solution. This assumption is justified under

he conditions expressed by the following theorem.

. . row = row = Irow
HEOREM;oif 8. € {0,1} for all i e R, j € S, and Clae Cly e for some

% e N°77, then row k and row & are identical, and adjacent in at least one
ptimal solution to TSP ",
Proof. We define 5; = {jlj e s, a. ;= 1} for all i e NYOY, Since

dJ
i € {0,1} for all i € R, j € S, we have

1) i = -1s. nS.| for all i,j e N°°V,
1J 1 dJ
TYOW _ TOW _ Trow . . - -
nd Crr = Cxp T Cae implies that Sk Sk n SE Sl' Hence row k and row 2
re identical:
2) 85 T 8y for all j € S.

lp - al > 1.

ow consider any permutation p of R with p(p) = k, p(q) = £,
nsert 2 between k and p(p+1). This will not decrease ME(p) if

cI'OW + cI'OTAT + crOW > CI'OW + c::IC'OW' . + cI'OTI\T
kp (p+1) p(q-1)2 2p(g+1) 13 20 (p+1) p(g=1)p(q+1)"

y (1) and (2), this is equivalent to

S + |8 S <|s |+ |s S
! o(q-1) " Syl + 18y n o(q+1)| 1Sy 1+ | p(g-1) " o(q+1)l’

hich is true, since

18, (q=1) M Sl * 18 08 eyl =

I8y n (So(q—1) v Sp(q+1))| tlsy o Sp(q-1) : So(q+1)' 8
Is | + Is (Q.E.D.)

IN

1)ﬂb

(g~ p(q+1)|'

nalogous theorems hold for TsP®°L and TSPV, Defining Rj = {i]|i ¢ R, a5 = 1}

o all J € NCOl, we have in the latter case
cow _ _ . . cow
3) i = —ISi n Sj! IRi n le for all i,j e N,

1d we have to show that

akj = agj for all J € S,

aik = a‘iSL for all 1 € R.

+)
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COW _ _COW _ Ccow

t follows from (3) and Chr = Cgq = Cpy that ISkI + IRkI = ISk n Szl +
IRk n RQI = lSzl + IRQI. If ISkl > ISk n SRI’ then ]Rkl < IRk n RQI, which
s impossible; hence ISkl = ISk n SQI = lSll and IRkI = IRk n RRI = IRzl,

aich trivially leads to (L).

These results cannot be generalized to cover the case where aij can take
1 other values than O or 1. For example, if R = {1,2,3} and 845 = 85 T 1,
33 =2 for jJ € S, then the identical rows 1 and 2 are separated by row 3 in
he optimal solution.

.3. TSP equivalence

>t only can the clustering problem be formulated as one or more symmetric
3Ps, but the symmetric TSP can be formulated as a clustering problem as
211. Any method for maximizing the ME of a data arrasy could therefore be
sed to solve the TSP. A polynomial-bounded clustering algorithm would lead
> efficient algorithms for a number of notorious combinatorial problems

1d its existence seems highly unlikely (cf. [141).

Analogous equivalence statements on computer wiring or vehicle routing
roblems and the TSP are easily proved. For the clustering problem, the
roof is as follows.

The symmetric TSP corresponds to finding a minimum hamiltonian circuit
1 the complete undirected graph G with a vertex set N = {1,...,n}, an edge
2t B = {(i,j)]i,j e N, i < j} and a weight ¢ 5 for each edge (i,j) e E.
1is problem is equivalent to finding a minimum hamiltonian path in the
-aph G' with N' = {0} u N, E' = {(0,j)|j € N} u E and weights cij, defined

3 follows:

¥ =
01 2\,
'.=¢cl. = .+ A < <
cOJ c_1J 013 for 2 J n,
cl. = c. . for 2 <1i< j<n,
1iJ iy

lere )\ is greater than the length of any tour. Such a path will have ver-
lces 0 and 1 as extreme points and these vertices can then be joined to
~rive at the optimal tour. We now define a clustering problem with R = N',

= E' and




TABLE I. MARKETING EXAMPLE N UNO I Ot ettt

1[0-OcccOdcceces o

Marketing techniques %5::::8:5:?:8?:::
SRR

1. Regression & correlation analysis %EE?EEEE@@E@EQ??E
2. Discounted cash flow N - T
3. Incremental analysis R - T
4., Multiple regression/correlation | PO
5. Rendom sampling IR R
6. Sampling theory [ S
T. Bayesian approach g1 09 2Tl hoas oo
8. Cost-benefit analysis lleeeeOQcsscooccocs
9. Critical path method eI = M = PP
Glseoeeeode-0000°0-0

10. Decision trees
11. Dynamic programming Initial array; ME=39.
12. Exponential smoothing

13. Industrial dynamics :h:mﬁmmzzﬂ:m:wm:

14, Input-output a.na.lysis gga:ga:::::::::::
15. Linear programming R R,
16. Markov processes glsigoozsriiiiieed
17. Monte Carlo simulsation H:EE:::::‘ CEREY
18. Nonlinear programming ] s:::8
19. Numerical taxonomw Z:::?::?EE&::&E::
20. PERT | R
21. Queueing models ?]e+:.00- .- -000: -
22. Risk analysis %::::=:HH::::::::
23. Sensitivity analysis g:;:;EQ:;:E:::E::
2L, Technological forecasting llogosnceeess. On:

R

Marketing applications

BEA clustering; ME=9T.
Advertising research

1.

2. Acquisition screening ' B e
3. Brand strategy PR
L. Customer segmentation R R R R
5. Customer service R R
6. Distribution pianning %::::?::?E?ltiagz
7. Market segmentation 5 E:::::::;jzcilil
8. Pricing strategy 2::58::::-3335132
9. Product life-cycle analysis L R =R
10. Product line analysis 2:ec::08s2 . 00O -
11. Product planning §lescciBEERil:
12. R&D planning e - e -
13. ROI analysis H ERR~ = =
14, Sales forecasting z:IZIZ:ZZ!ZII:Z??
15. Test marketing

16. Venture planning Optimal clustering; ME=S

gure 6 Marketing example
=0, o= 1,
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9.

1.

2, Passenger information

’1. Number of gates

10.
|
1
’3.
5.
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= _nt . . .
2 (1,2) ci, fori eRg, (i,2) € s}
ai(k,i) = 1 for i € R, (k,i) € S;

= 1 Z 1
25 (k,2) 0 for i € R, (k,2) € S, k,2 # i.

e contribution of the adjacency of rows i and j with, say, 1 < J to the

[E is equal to

—r !

Lik,0)es ®(k,0) 2506,0) T 30(1,5) %5(i,5) T "5
nd it follows that any permutation p of R maximizing ME(p) minimizes the
reight of the hamiltonian path (p(0),p(1),...,0(n)) in G’

We can even show that the symmetric TSP with integer distances is
:quivalent to a clustering problem with 8;5 € {0,1} for all i e R, j € S,
v setting clii= el - 3\ for all (i,j) and expanding column (i,j) into

J 1d
Cij colums, each containing two ones and n - 1 zeros.

L., Results

he techniques and applications pertaining to the marketing example are
iven in Table I. Figure 6 shows the initial data array, the clustering
roduced by the BEA as reported in [24], and a clustering corresponding to
ptimal solutions of TSPCOl and TSPrOW, found by Little's algorithm after
pplication of the theorem on row identification. It turns out that the
EA clustering is optimal.

The control variables in the airport example are given in Table II.
igure T shows the symmetric initial data array, the BEA clustering [24],
nd a clustering corresponding to an optimal solution of TSPCOl (= TSPrOW),
‘ound by Held and Karp's method. The BEA clustering is not optimal, and,

n fact, not even 3-optimal, since it can be improved by exchanging three
inks.

The geographical distribution of the regions on the Indonesian islands
n the import-export example is given in Figure 8. Figure 9 shows the square’

ut asymmetric initial data array and a clustering corresponding to a

-optimal solution of TSPCOW, found by Lin's heuristiec.
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. JOB-SHOP SCHEDULING WITH NO INTERMEDIATE STORAGE

.1. Problem description

ne of the basic assumptions in most existing theory on machine scheduling
s that a job is allowed to wait arbitrarily long before being processed on
ts next machine [32]. This assumption is highly unrealistic in some real
orld situations where intermediate storage space is finite or may even be
on-existing. The former situation exists for instance in a computer system
nere buffer space is limited and costly; the latter situation is met in
teel or aluminium rolling where the very high temperature of the metal has
> be maintained throughout the production process.

Several researchers [273;29;37;2037;3038;34] have studied the problem
f minimizing the total processing time under the restriction of no inter-
>diate storage in a flow-shop, where the machine order of each job is
jentical; see [35] for a different criterion. These assumptions imply that
1e processing order on each machine will be identical, which simplifies
1e analysis.

In [31] a more general production process is considered, but the
ssulting definitions and theorems are not very clear and the proposed
Lgorithm seems highly inefficient. In fact, extensions both to non-zero
1t finite intermediate storage and to different processing orders per
achine seem to complicate the situation considerably. We shall restrict
ir attention to a job-shop where
1) the machine order may vary per Jjob;

5) each job visits each machine at least once;
») no passing is permitted, i.e. the processing order is identical on all
machines

1) no intermediate storage is allowed.

2. TSP formulation

1e job-shop scheduling problem can be described as follows.

n jobs J; (1 < i < n) have to be processed on m machines M, (1 <2 <m);




job I, (1 <i<n) consists of m, operations 0. (1 £k < mi);
the machine order of Ji (1 <1i<n)is given by W = (ui(1),...,ui(mi)),
1.e. the k-th operation Oik of Ji has to be performed on Mui(k);
the processing time of Oik (1<i<n, 1<k¢< mi) is given by Piys
the total processing time has to be minimized under the conditions,

mentioned in section 5.1,

efine
_ vk=ko . .
Pi[k1,k2] = K=k Piy for 1 <1 <n, 1< k, < k2 < m;
k!(2) = min{k|u, (k) =2, 1 <k <m)
} for 1<i<n, 1< 2 <m
ki(2) = max{klui(k) =2, 1<ks<m}
() and Oik"i(l) are the first and last operations of Ji on MQ; thelr

tence is ensured by condition (b).
For each pair of jobs (Ji’Jj)’ we will calculate a coefficient ¢ 5
esenting the minimum difference between the starting times of Oi1 and
if Jj is scheduled directly after J;. By condition (e), Oik"i(z) has to
on M , for 1 £ 2 < m, We introduce a directed graph Gi'

L) %° J
vertex set Nij and arc set Aij’ defined by

ede Ojk' . (

N..
1iJ

{Ohk|h =1i,§, 1<k<ml;

.= =1,] <k<m - . . <%<mr;;
A {0, , 50 k+1)]h i,§, 1sksm -1} u {(Olk;(ﬂ)’olk!(l))l1<2<m}’

ight Prx is attached to each vertex Ohk € Nij' For an example with m = 3,
(2,1,2,3,2) and uy = (1,2,3,1), the graph Gij is given in Figure 10.

Figure 10 An example of the graph Gij’
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\ to the path of maximum weight (also called longest or critical path) in

3 it is clear that
) it starts from O., and ends in O._ 3
11 Jm.

) it contains exactly one arc (Oikg(l)’ojkj(z))'

mdition (d) implies that cij is equal to the latest possible starting time
] Oj1
ble. It follows from (5) and (6) that

)

in Gij if 0i1 starts at time zero and ijj finishes as early as pos-—

¢ 5 maxz(Pi[1,k;(Z)] + Pj[kj(l),nﬁ]) - Pj[1’mj] =

n - ] -
max, (P, [1,k}(2)] PiL1,k(4) 1]).
le minimum total processing time is now given by

2 ming (257 ey(iyu(ien) * Potw)t () )
lere v runs over all permutations of {1,...,n}; v(i) is the i-th job in a
rocessing schedule.

We add a job J, with m, = m, u, (k) = k and Dy = 0 for 1 <k <m,
spresenting beginning and end of a schedule. According to.(7), its coeffi-
lents are given by Chi = 0, Ciy = Pi[1,mi] for 1 £ i £ n. Determination of
3) now corresponds to solving a TSP with N = {*} v {1,...,n} and (Cij)
sfined by (7).

This TSP is asymmetric and euclidean. To prove the latter assertion we

ave to show that cij + cjk 2 Cix for any i,j,k € N, or, equivalently, that
max, (P, [1,k}(2)] + Pj[kj(l),mj]) + ma.xz(Pj[‘l,k:j'(R)] + P [K!(2),m ]} >
> max, (P, [1,k}(2)] + P, [k!(2),m 1) + P.L1,m,].

1is is true, since for any % € {1,...,m}
(p; L1,k ()] + Pj[ké(ﬂ)amj]) + [Pj[1,k:].'(z)] + P [k (2),m ) 2
> (Pi[1,kg(z)3 + Pk[]&;{(ﬂ,),mk]) + Pj[1,mj].

> make two final remarks on this TSP formulation.

Remark 1. In a flow-shop we know that Wy = (1,2,...,m) for 1 < i < m,
1d (7) simplifies to c;3 = maxg(Pi[1,2] - Pj[1,2—1]), which corresponds to
1e results given in [27;29;8].




Remark 2. So far, distances have been defined as differences between
le starting times of the first operations of jobs. More generally, one

.ght arbitrarily select any two operations O.k$ and 0., *x for each job Ji

1ky 1kj
1d define c;s s the minimum difference between the starting times of 0 %
i
1d Ojkf* if Ji precedes Jj directly. This will lead to modifications in

") andJ(S), but to an equivalent TSP (cf. [T7;301).

3. TSP equivalence

: will now show that any TSP can be formulated as a job-shop scheduling
‘oblem with no intermediate storage. This will establish the equivalence
> these problems (cf. [14]).

First, the TSP with N = {1,...,n} and'(cij) (i, € N) is converted
to a minimum hamiltonian path problem on the complete directed graph G'

th vertex set N' = {0} u N and weights Cij on the arcs, defined by

51 = C10 = As

céi = Ci1 = A for 2 £1 <n,
cio = Ciy for 2 <1 <n,
cii = Cq; for 2 <1 <n,
cij = cij for 2 <1i,j < n,

ere A is appropriately large (see below) and all ¢; 5 may be assumed to be
sitive. A minimum hamiltonian path will have vertex 1 in the first and
rtex 0 in the last position.

It is convenient to be able to assume that no two coefficients appear-
& in the same row or column are equal. Hence we add ie to row i and je to

lumn j of (Cij)’ where

L, 1,j,k,2 e N}.

n

__.l_‘ 1 _ At ] . .
0 <e < 7 mln{'cij-ck21lcij % Cpos i k or j

is leads to an equivalent problem with weights c!

cl. + (i+j)e. If

1j ij
= ! "ot = - < 13 ! ! "o =
Kk = iy then Icik clll |k=2]e > 0; if el # el then lclk clll
1 _at - 'e! | - k- i mi
Icik ci2+(k L)e| = ,cik cill |[k-2]e > 0. Hence no row, and, similarly,

column of (cgj) contains two equal numbers. For each i € N', there exist
0 unique permutations @, = (ai(1),...,ai(n)) and Bi = (Bi(1),...,8i(n))
"N' - {i} such that




< cV < ... <cY 5
1ai(2) 1ai(n)

> o . > ... >l ..
Bi(2)1 Bi(n)l

Jlowing job-shop scheduling problem.
e N') have to be processed on n(n+1) machines M,
3)s

consists of m = n(n+3) operations 0. (1 <k <
er of J; (i e N') is given by

i’ LY MBi(n)i’

Mon> Mig2 Myps +-e»

), 200 g M

M

n0? M

M nil?

250 o

p? ttreer
iai(n);

times of the operations 0., (i e N') are given t
for 1 £k

" L= "
Bi (k)i B; (k+1)i
" .
Bi(n)i " A5

IA
s
|
—

v

for n+1 £ k < n(n+2);

" .
T Cia(1)3

" - c"
ia; (k) ias (k-1)
ssing time has to be minimized under the conditi

IA

for 2 < k < n;

no intermediate storage.

lowing equalities.

= cg.(k)i + )2 forielN', k eN;
i
(n+2)] = n(n+1) for i e N';
)+1,n(n+2)+k] = A + cga.(k) for i e N', k € N;
i
= cgn = A + ne;
=C'1'O=)\+€;
= c§1 =X+ (i+1)e for i € N' - {0,1};
= cqo =\ + g3
=cl = A+ (n+1)e;
=cl'. =\ + ie for i e N' - {0,1}.

0i




1alogously to section 5.2, we define

. . .
ki(g,h) mln{k|0ik is processed on Mgh}

' } for i,g,h e N', g = h,

1 .
ki(g,h) max{kloik is processed on Mgh}

> that

L1}

ki(Bi(k),i) k for i e N', k € N;

kg(i,ai(k)) n(n+2) + k for i € N', k € N;

v

ki(g,h) n+1 for i,g,h e N', i #h, g # h;

kg(g,h) < n(n+2) for i,g,h e N', i 2 g, g # h.

pproaching this job-shop problem in the way, described in section 5.2, we
mstruct the weighted directed graph Gij (1,j € N'). We claim that there

. a longest path in Gij that contains the arc (Oi To

. .y 50, N I
k"; (1,5)° Jk'j(l,J))
'ove this, note that each path in Gij from-0., to ij contains exactly one

11
e (Oik"i(g,h)’ Ojk'j(g,h)) (see (5) and (6)); the length Lgh of such a
th is equal to

-— n
Lgh = P.[1,k{(g,h)] + Pj[kj(g,h),m].

- have to show that

) Lij = maX .y Lgh'
rst, we calculate Lij' There exist two numbers d,e € N such that j = ai(d),

= Bj(e), and it follows that

0) L.

i Pi[1,n(n+2)+d] + Pj[e,m] =

" " =
Pi[1,n(n+2)] + A+ ciai(d) + CBj(e)j + A+ Pj[n+1,m]

1"
Pi[1,n(n+2)] + 2\ + 20ij + Pj[n+1,m].

"'g =1, h # j, then we can find an f € N such that h ai(f), and we have

L

IA

in P§1mMwa]+me4mJ=

IA

"
Pi[1,n(n+2)] + A+ el (

IA

.o = ) = 2cV. + ¥ ..
LlJ A 2C1J Clai(n) < LlJ’

ere the latter inequality is proved by




A+ 22X - (A + ne) >0 if i = 0;

v

" n
A+ 2003 Coao(n)

A+ 2eV. - !
ij 1ui(n)

v

A+ 2(i+tj)e = (A + (i+1)e) 20 if i = 0.
g# i, h = j, then we can show in a similar way that
L . <L...
gdJ 1J
g#1i, h # j, then we have

Lgh < Pi[1,n(n+2)] + Pj[n+1,m] < Lij’

.ch completes the proof of (9).
Let dij (i,j € N') denote the minimum difference between the starting

if Ji precedes Jj directly (cf. Remark 2 in

ges of O. and O.
1 J

n+1 n+1
‘tion 5.2). It follows from (9) and (10) that

a5 = Lys - (Pi[1,n] + Pj[n+1,m]) = 2cgj + 2)% + n(n+1).
s total processing time T(v) of a schedule v = (v(0),v(1),...,v(n)) is
1al to
T(v) = P [1,n] + Z%fn'1 d ;. . + n(n+1) + P [n(n+2)+1,m].
v(0) i=0 v(i)v(i+1) v(n)

claim that v(0) = 1 and v(n) = 0 in any optimal schedule v. If v(0) = 1
1 v(n) = 0, then

)2 + A + ne

i=n— 1 1"
1) P(v) = A + (n+1)e + A + 2 zi=0 ey (i)v(i1) * oni + n(n+1
2 i=n-‘1 1"
(en+l)x + (2n+1)e + P(n+1) + 2 Zi=0 e (1 )v(i+1) <

(2n+5)1 + n(n+1)2

IA

A is sufficiently large. However, if v(j) = 1 with j > O, then

' .y > A and
3=1)v(3) an
2

L
T(v) > 24 + 2 Ji s g eli)y(ie1) T 2A * 201 + n(nt1)T + 20 >

> (2n+6)A + n(n+1)2;

w

same inequality holds if v(j) = O with j < n.

Thus we have proved that any permutation v minimizing T(v) has v(0) =

iv(n) =03 by (11), it minimizes 21:3_1 cs(i)v(i+1)’ i.e. the weight of

w

hamiltonian path (v(0),v(1),...,v(n)) in G'.




.1, Results

'o illustrate the consequences of the no intermediate storage condition, we
olved the three job-shop scheduling problems from [26,pp.236-23T7] under
his restriction, using Little's TSP algorithm. In Table III the solution
-alues are compared with the lengths of the schedules when infinite inter-
lediate storage is allowed. Figure 11 illustrates the optimal schedules for
ne of these problems; the unrestricted schedule was found by a method of
lorian et al. [6]. In general, the conditions of no intermediate storage

nd no passing can be expected to lead to large amounts of idle time on the

lachines.

TABLE ITI. EFFECT OF NO INTERMEDIATE STORAGE

nunmber | number |value without| value with
of of intermediaste |intermediate
jobs [|machines storage storage
6 6 120 55
*
10 10 2h33 972
20 5 2132 1165

* indicates that the optimality has not been
proved.

Figure 11 Optimal schedules for a 6x6 problem without and
with intermediste storage. .
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